Introduction
The study of moduli spaces plays a fundamental role in our understanding geometry and topology of algebraic manifolds, or more generally, symplectic manifolds. One example is the Donaldson theory (and more recently the Seiberg-Witten invariants), which gives rise to differential invariants of 4-manifolds [Do] . When the underlying manifold is an algebraic surface, then it is the intersection theory on moduli spaces of vector bundles over this surface [Li, Mo] . More recently, inspired by the sigma model theory in mathematical physics ([W1] , [W2] ), quantum cohomology has been constructed on so called semi-positive symplectic manifolds, which include all algebraic manifolds of complex dimension less than 4, all Fano manifolds and Calabi-Yau spaces ([RT1] ). The quantum cohomology uses the GW-invariants, which are the intersection numbers of certain induced homology classes on moduli spaces of rational curves in a given symplectic manifold. This is a generalization of classical enumerative geometry that counts the number of algebraic curves with appropriate constraints an a variety. In [RT2] , general GW-invariants of higher genus (also see [Ru] for special cases) are constructed to establish a mathematical theory of the sigma model theory coupled with gravity on any semi-positive symplectic manifolds.
The core of intersection theory is the fundamental class. For manifolds (or varieties), the ordinary cup product with the fundamental class given by the underlying manifold provides a satisfactory intersection theory. However, for the GW-invariants, which should be an intersection theory on the moduli space of stable maps, we can not take the whole moduli space as the fundamental class directly. This is because the relative moduli space (i.e., the family version) in general do not form a flat family over the parameter space. One guiding principle of our search of a "good" intersection theory is Supported in part by NSF grant and A. Sloan fellowship Supported in part by NSF grant.
Typeset by A M S-T E X
that such a theory should be invariant under deformation of the underlying manifolds. In [Do] , [RT1] , [RT2] , they employed analytic methods to construct "good" intersection theory using generic moduli spaces (they are almost always non algebraic).
Abiding with algebraic methods, we have no luxury of having a "generic moduli space". Instead, we will construct directly a cycle in the moduli space, called the virtual moduli cycle, and define an intersection theory by using this cycle as the fundamental class. Such a virtual moduli cycle will be constructed by first constructing a cone cycle inside a vector bundle, which functions as a normal cone, and then intersecting this cone cycle with the zero section of the vector bundle. Such a subcone should be constructed based on the moduli functor solely. The data we need is a choice of tangentobstruction complex of the moduli functor, which should be viewed as a globalization of the obstruction theory of the moduli problem. The virtual moduli cycle will depend on the choice of such complex, so does the virtual intersection theory defined. As a consequence of our construction, if we have a family of moduli functors, namely, a relative moduli functor, and if the tangent-obstruction complex of the relative moduli functor and of the specialized moduli functor are compatible, then the specialization of the virtual intersection theory on the relative moduli space is the same as the virtual intersection theory of the specialized moduli space. As a consequence, such a theory will be "invariant" under the deformation of the underlying varieties. Applying to the moduli space of stable maps from n-pointed nodal curves into a smooth projective variety X, we can define the GW invariants of X purely algebraically. We believe that this approach can be generalized to treat the case where X is a variety with normal crossing singularity.
We now describe briefly the key to our construction. When we are working with a moduli space, in many cases, we can work out its obstruction theory explicitly and its virtual dimension, by using certain vanishing results. However, the virtual dimension may not coincide with the actual dimension of the moduli space. One may view this as if the moduli space is a subspace of an "ambient" space cut out by a set of "equations" whose vanishing locus do not meet properly. Such a situation is well understood in the following setting: let
be a fiber square, where f and g are embedding and g is a regular embedding. Then the excessive intersection theory of Fulton-MacPherson defines the intersection [X]· [Y ] in A * Z to be the image of the cycle of the normal cone to Z in X, denoted by C Z/X , under the Gysin map s ! : A * C Y /W × Y Z → A * Z, where s : Z → C Y /W × Y Z is the zero section. This theory does not apply directly to moduli problem, since, except some isolated cases, it is impossible to find pairs X → W and Y → W so that X × W Y is the moduli space and [X] · [Y ] so defined is the virtual moduli cycle, say satisfies the property posed in Theorem I below.
The key observation in this paper is that rather than trying to find an embedding into some ambient space, we will construct a cone in a vector bundle, parallel to the pair C Z/X ⊂ C Y /W × X Z, and then define the virtual moduli cycle to be the intersection of this cone with the zero section of the vector bundle. The success of this program relies on whether we can construct such a pair of cones based on the moduli functor. For this purpose, we introduce the notion of tangent-obstruction complexes of functors. In short, given a functor F from the category of k-algebras to category of sets, we define its tangent to be a collection of functors T F(ξ), where ξ ∈ F(B) and B is any k-algebra, that send any B-module M to a B-module parameterizing all η ∈ F(B * M ) that restrict to ξ, where B * M is the trivial ring extension of B by M . A tangentobstruction complex is a collection of complex of functors D
• (ξ) = [T 1 (ξ) → T 2 (ξ)], where ξ ∈ F(B), such that T 1 (ξ) = T F(ξ) and the arrow is a trivial map, and such that D
• (ξ) is the cohomology of a two term complex of free B-modules.
We now consider the following prototype of our construction. We consider a vector bundle E   π W over W that admits a section s : W → E. Let Z = s −1 (0). The main technical part of this paper is to show that the normal cone C Z/Γs ⊂ E to Z in Γ s can be reconstructed from the following locally free resolution of the tangent-obstruction complex of Z (where Γ s is the graph of s in the total space of E, which is still denoted by E):
Applying to a moduli space M, we should first work out the obstruction theory for the moduli problem. For many moduli problems, one can use the standard technique to obtain a natural choice of tangent-obstruction complex D
• and its global resolution
Locally, we can present a neighborhood U of such moduli space M as the scheme
where s is a section of a vector bundle E over W . This is possible if M is algebraic. Then by identifying the complex
with [E 1 → E 2 ] ⊗ OM O U , possibly after adding a trivial factor to both E 1 and E 2 , we obtain a cone C U/Γs ⊂ E 2|U by copying C U/Γs ⊂ E |U to E 2|U . Here E 2 is the dual of Proj Sym E 2 . Since this collection of local cones can be reconstructed from the resolution of the tangent-obstruction complex, they glue together to form a cycle [C M ] vir in the total space of E 2 supported on a cone in E 2 . The virtual moduli cycle is then defined to be the image in A * M via Gysin map s 
• that fit into the exact sequence
coincides with the exact sequence induced by X 0 → X T → T , then we have
where i ! is the generalized Gysin map associated to the fiber product
In order to apply this construction to defining GW-invariants of smooth projective variety X, we need first to work out the natural choice of the tangent-obstruction complex of the moduli functor F X α,g,n of stable maps from n-pointed curves to X. A standard deformation argument shows that if ξ ∈ F X α,g,n (B) is given by the family
where X B is a flat family of nodal curves of genus g over Spec B, D B ⊂ X B are nordered sections of X B → Spec B and f B : X B → X is stable with respect to D B ⊂ X B (for definition of stable morphisms see §4), then the tangent
where M is any B-module. Its tangent-obstruction complex D
• we choose is
It does admit global locally free resolutions. Hence by applying Theorem I, we obtain the virtual moduli cycle [M D
• , and consequently, the GW invariants of X.
Theorem II. For any smooth projective variety X, and any choices of integers n and g and
Using this cycle, one can define the GW-invariants
and its numerical version RT2] .
vir is almost straightforward except that maps in M X α,g,n may have non-trivial automorphisms. This is why we get classes with rational coefficients. The approach to this problem is the usual descent argument: For each map w ∈ M X α,g,n with automorphism group G w , we choose a G winvariant scheme U w such that U w /G w is an etále neighborhood of w and such that over U w , there is a tautological family f : D ⊂ X → X. By choosing locally free resolutions of D
• over the covering such that they are compatible over the overlaps, we obtain a cycle in A * M X α,g,n by descending these data over M X α,g,n and then use the Gysin map as described before.
In the sequel of this paper, we plan to compare this definition of GW invariants with the symplectic invariants defined in [RT2] .
This work was finished in early 1995. During AMS summer school held at Santa Cruz, July, 1995, the first named author reported this work. In his talk, he described the ideas of our construction of virtual moduli cycles and the definition of GW-invariants. During the preparation of this paper, we learned that K. Behrend and B. Fantechi had a preprint, in which they gave an alternative construction of virtual moduli cycles 1 . Also as an application, K. Behrend defined GW-invariants 2 .
The first named author would like to take this opportunity to thank W. Fulton and D. Gieseker for many stimulating discussions. Part of this work was done when the second named author visited Department of Mathematics, Stanford University in the winter quarter of 1994. He would like to thank his colleagues there for providing a stimulating atmosphere.
Tangent-Obstruction complex
In this section we will introduce the notion of functor of tangent-obstruction complexes of any scheme M . The notion of functor of tangent-obstruction complexes was implicit in many earlier works and should be viewed as a globalization of obstruction theory.
We first fix the convention we will use throughout this paper. In this paper, all schemes are over a fixed algebraic closed field k of characteristic zero. For any scheme Z or k-algebra B, we will abbreviate Ω Z/k and Ω B/k to Ω Z and Ω B respectively. In case F is a sheaf of O Z -modules and W ⊂ Z a subset, then we will denote by F |W the restriction of F to W . All schemes considered are of finite type, all sheaves are coherent and all points are closed points. Also, by abuse of notation, we will not distinguish a B-module M with its associated sheaves of O Spec B -modules M ∼ . For a two term complex [A → B], unless otherwise is mentioned, A and B will be indexed 1 and 2 respectively.
We first define the functor of tangent complexes. Since the theory is local in natural, we will consider the case M = Spec A, where A is a k-algebra. Let Mod A be the category of A-modules with morphisms A-linear homomorphisms. For any N ∈ Mod A , we let A * N be the trivial extension of A by N . Namely, A * N is A ⊕ N as an additive group and (a, x)(b, y) = (ab, ay + bx) for a, b ∈ A and x, y ∈ N .
We let T 
It is a B-module.
Now we consider the case where T

1
A is given by the first cohomology of a two term complex
E
• gives rise to a new functor from Mod A−alg to Mod A−alg :
Note that the way we define T The proof is straightforward and uses the surjective map
where J is the ideal (ǫ 1 , · · · , ǫ r )
2 .
Now we globalize the above construction. Let Sch k be the category of schemes of finite type over k and let F : Sch k −→ (set) be a (contravariant) functor. For any B in the category of k-algebras, which we denote by Ring k , we denote by F(B) the F(Spec B), and for any A ρ → B of k-algebras and homomorphism, we denote by F(ρ) the transformation F(A) → F(B).
Definition 1.2. The tangent of a functor F is a collection of functors
where B ∈ Ring k and ξ ∈ F(B), such that for any
This collection of functors satisfy the following base change property. Let B → B ′ be a homomorphism between k-algebras, and M and M ′ be B-module and B ′ -module, respectively with a homomorphism ϕ :
which is induced by the transformation
where Z is any scheme, and ξ ∈ h Z (B) is given by Spec
In the following, we will abbreviate
is always a B-module and the transformation T 1 F (ϕ) mentioned before is given by a B ′ -linear homomorphisms
and it is an isomorphism when B → B ′ is flat and
where ξ ∈ F(B) and B ∈ Ring k , such that it also has the base change property similar to that of T 
We say that 
Example 1.5. Let Z ⊂ A n be any quasi-projective scheme defined by polynomials f 1 , . . . f r , then the differentials df i defines a sheaf homomorphism
It is easy to check that the first cohomology of the above complex, where the two terms are indexed 1 and 2 respectively, is the functor of tangent spaces. Hence the cokernel can be taken as a functor of obstruction spaces. Thus the above complex is a global locally free resolution of the tangent-obstruction complex of Z. Note that such a functor is not unique, since we can add f r+1 ≡ 0 to the defining equations and obtain a different tangent-obstruction complex.
Examples 1.6. Let X be any smooth algebraic surface with a fixed polarization H, and let r ∈ M , I ∈ Pic(X) and d ∈ Z be such that r, I · I and d are relatively prime. Then the moduli space M of rank r, H-stable sheaves on X of determinant I and second Chern class d is a fine moduli space, hence, it admits a universal family E on X × M. The functor of tangent spaces
to the B-module
] is a functor of pure tangent-obstruction complexes, namely, locally over U , it is represented by the cohomology of a two term complex [E 1 → E 2 ] of finite locally free sheaves of O U -modules, then for any sheaf
sheaf of O U -modules, and these sheaves glue together to form a coherent sheaf on M. We denote this sheaf by
Construction of normal cones (local theory)
The goal of this section is to construct normal cone based on a choice of functor of pure tangent-obstruction complexes. Such cones will be used to define the virtual cycles associated to functors of tangent-obstruction complexes (tangent-obstruction complex in short).
We first study the local theory. Let Spec A be an affine scheme and let D
• be a choice of tangent-obstruction complex that is the cohomology of a two term complex of free A-modules
We let χ(T
The first observation is that the cokernel of the dual of σ is naturally Ω A/k . 
Proof. This is almost a tautology. Since for any A-module N ,
is exact, and since T 1 A (N ) is naturally isomorphic to Hom A (Ω A/k , N ), then we have the natural exact sequence
Since this is true for any A-module N , we must have coker(σ
. This proves the lemma.
We now make an important observation: suppose 
at least after localization. Hence, the complex T • is quasi-isomorphic to S • , and the tangent-obstruction complex of A depends only on the integer χ(T • ), at least locally. This points out that after fixing the virtual-dimension −χ(T • ), the normal cone associated to a tangent-obstruction complex, which we will construct shortly, locally depends only on the virtual-dimension. Now let X ⊂ A n be any affine scheme. Then O X is a quotient of polynomial ring
n is the subscheme
which can be also viewed as the intersection with
Since the normal bundle (cone) to
Now if we apply the second exact sequence of Kähler differentials to the exact sequence 0
be the maximal ideal generated by w 1 , . . . , w m . Then the obvious homomorphism
2 . It follows that we have the exact sequence of A-modules
Since the vector bundle (cone) C A n ×{0}/A n ×A m is naturally isomorphic to the cone of the sheaf of A-modules (m w /m 2 w ) ⊗ k A, we obtain a natural inclusion (of cones)
We denote such a cone by C(f · ).
Before we proceed, we first fix our convention about cones. For any subscheme Z ⊂ W , we denote by C Z/W the normal cone to Z in W . For any locally free sheaf R on X, we will denote by C X (R) the cone Spec X Sym(R) .
When X = Spec A, then we will write C A (R) instead of C X (R). Note that if V is a vector bundle over X, then as a cone
In case both R and S are locally free sheaves on X and ϕ : R → S is a homomorphism of sheaves such that coker(ϕ) is locally free, then ϕ induces a cone map C X (S) → C X (R), which we denote by C(ϕ).
Now suppose that we are given an arbitrary free resolution
where R 1 and R 2 are free A-modules of rank n 1 and m 1 respectively, such that n 1 ≥ n, m 1 ≥ m and n 1 − m 1 = n − m. Then because of the exact sequence
we can find A-linear homomorphisms ϕ 1 and ϕ, such that the following diagram is commutative:
and after localizing at the maximal ideal m z = (z 1 , . . . , z n ) ⊂ A, the cokernel of both ϕ 1 and ϕ 2 are of rank n 1 − n = m 1 − m free modules. Therefore, the induced cone map
will be a surjective map of vector bundles (cones), at least near 0 ∈ X. Hence, we obtain a subcone of C A (R 2 ) near 0 ∈ X by pulling back the cone
We denote the resulting cone by C A (R 2 , g). Note that C A (R 2 , g) depends implicitly on the choice of ϕ 2 .
The main technical result of this section is to prove the following uniqueness result of cones so constructed.
. . , f m ) and the choices of homomorphism ϕ 1 and ϕ 2 .
For any closed subsets C 1 and C 2 of a scheme Z, we say that [C 1 ] = [C 2 ] if and only if m(C, C 1 ) = m(C, C 2 ) for any closed irreducible subvariety C of Z, where m(C, C 1 ) is the multiplicity of C in C 1 (see [Fu] for the discussion of cycles). In order to show
and at a general point p ∈ C 1 , the multiplicity of the component of C 1 containing p is the same as the multiplicity of the component of C 2 containing p.
Since the uniqueness is a local problem, we will first investigate this problem for A being a formal complete local ring that is a quotient of a ring of formal power series.
Let T 1 be the ring of formal power series in n indeterminants and let A be a quotient of T 1 by an ideal I 0 ⊂ T 1 . As before, we let T 2 be the ring of formal power series in m indeterminants and let T 2 ϕ2 −→ T 1 be a homomorphism such that ϕ 0 (m T2 ) · T 1 = I 0 , where m T2 is the maximal ideal of T 2 . We call such data, written in short
a presentation of A. We call the difference dim T 1 − dim T 2 the relative dimension of the presentation.
As in the affine case, such a presentation determines a unique subcone
where Γ f is a graph in Spec(T 2 ⊗ T 1 ) defined by the ideal generated by {t − f (t)|t ∈ T 2 } and X = Γ f ∩ {0} × Spec T 1 , where 0 ∈ Spec T 2 is the only closed point. For simplicity, we will denote the former cone (i.e., C X/Γ f ) by C A (T 2 , f ) and the later by C A (T 2 ).
Lemma 2.3. Let v be a fixed integer and let
be two presentations of A of relative dimension v, where T i and S i are rings of formal power series. Suppose that dim T 1 = dim S 1 and ϕ 1 : T 1 → S 1 is a homomorphism of rings such that π S • ϕ 1 = π T and the induced homomorphism
is an isomorphism. Suppose further that there is an isomorphism
there is a homomorphism ϕ 2 : T 2 → S 2 such thatφ 2 = c, wherẽ ϕ 2 is the induced homomorphism. Furthermore, for any homomorphism ϕ 2 as above, we have
We now prove Lemma 2.3.
Let dim T 1 = n and dim T 2 = m, and let I 0 = ker π 1 and I 1 = ker π S .
We first choose t 1 , . . . , t r ∈ m T2 such that
and such that the residues t 1 , . . . , t m of t 1 , . . . , t m in m T2 /m 2 T2 form a basis. Such t 1 , . . . , t m certainly exist and then
We will choose similar elements for S 2 . We first pick s 1 , . . . , s r in m S2 such that
Let ϕ 2 : T 2 → S 2 be the homomorphism sending t i to s i . Then ϕ 2 satisfiesφ 2 = c. Now let ϕ 2 be any homomorphism such thatφ 2 = c. Let
It is easy to check that ψ sends the ideal
and the ideal
This is because the m × m matrix (δ ij − h ij ) is invertible, since h ij ∈ m S1 . Therefore, the restriction of the induced morphism
to Spec S 1 × {0} is an isomorphism between Spec S 1 × {0} and Spec T 1 × {0} and the restriction ofψ to Γ g is an isomorphism between Γ g and Γ f . Hence,ψ will induce an isomorphism of the normal cone to
∨ be the induced homomorphism (isomorphism) of the normal bundle (cone) to Spec S 1 × {0} in Spec S 1 × Spec S 2 and the normal bundle (cone) to Spec
However, the restriction ofψ * to the closed fiber
This shows that restricting to the closed fiber,
This completes the proof of Lemma 2.3
be a presentation of A of relative dimension v and let
be a locally free resolution such that rank R 1 − rank R 2 = v and rank
where both ϕ 1 and ϕ 2 are monomorphisms with free cokernels, and then define
is independent of the choice of g 1 and g 2 .
Proof. We first study the case where rank
is commutative, the lemma is reduced to proving the following: given any isomorphisms
To prove this, we first choose u : T 1 → T 1 so that du = ϕ 1 . Such a u can be found as follows: let z = (z 1 , . . . , z n ) so that T 1 = k [[z] ] and w = (w 1 , . . . , w n ) so that
We now letf : T 2 → T 1 be the composite u • f . Then we have commutative diagrams
To this end, it suffices to show that after restricting to closed fibers of
To prove the first, we let G :
be the homomorphism sending 1 ⊗ w i to 1 ⊗ w i and
sends the normal cone to Γ f ∩Spec T 1 ×{0} in Γ f to the normal cone to Γf ∩Spec T 1 ×{0} in Γf . However, since
As for the second identity, we first pick a homomorphism ψ 2 :
satisfies the condition of Lemma 2.3, and thus
This proves the lemma for the case where rank R 1 = dim T 1 .
It remains to prove the case where rank R 1 > dim T 1 . As before, we fix
, where z = (z 1 , . . . , z n ), and
. . ,w m ). We definef : S 2 → S 1 to be the extension of f by sending w m+i to z n+i , define ψ 2 : S 2 → T 2 and ψ 1 : S 1 → T 1 to be homomorphisms sending w i tow i and sending z i toz i .
Then we have the commutative diagram of ring homomorphisms
Then by the proof of Lemma 2.3,
Further, for any commutative diagram
such that ϕ 1 , ϕ 2 are injective and have free cokernels, we can find η 1 : Ω S1 ⊗ S1 A → R 1 and η 2 : (m S2 /m 2 S2 ) ⊗ k A → R 2 which make the above diagram the composite of the following commutative diagrams:
is independent of the choice of ϕ 1 and ϕ 2 , because
and the last term is independent of the choice of η 1 and η 2 by the previous argument. This completes the proof of Lemma 2.4.
We now prove Proposition 2.2. We need to show that if there are two presentations
by rings of polynomials of the same relative dimension and commutative diagrams
As was mentioned before, to prove this identity, it suffices to investigate their restriction to subcone C B (R 2 ) ⊂ C X (R 2 ), where B is the formal completion of O X,x at its maximal ideal for any closed x ∈ U and
Thus the proposition is reduced to prove the same identity when A is a quotient of a ring of formal power series and both T 2 
)⊗ k A above, to prove the identity, we might as well assume that dim T 1 = rank R 1 . For the same reason, we can assume that dim S 1 = rank R 1 . Now let h : T 1 → S 1 be a homomorphism such that the composite
we can adjust h as in the proof of Lemma 2.4 to get a homomorphism u 1 : T 1 → S 1 such that
is commutative and du 1 = ψ −1 1 •ϕ 1 . Then by Lemma 2.3, we can find a homomorphism
Therefore, by Lemma 2.3 again, after restricting to the closed fiber C A (S 2 ) 0 ,
This implies
This proves the proposition.
is of purely dimension rank R 1 .
Construction of normal cones (global theory)
In this section, we will construct cones over any quasi-projective scheme associated to a given functor of deformation-obstruction complexes that admits global two term locally free resolutions.
We begin with a quasi-projective scheme X, a functor of deformation-obstruction complexes
X ] of X of relative dimension v and a global resolution
Namely for any affine scheme U over X and sheaf of
Let n = rank H 1 and m = rank H 2 . As was mentioned in Section 1, D • being a functor of deformation-obstruction complexes means that naturally
Hence, the cokernel of the dual of σ : H 1 → H 2 is naturally isomorphic to Ω X . Thus, we have an exact sequence of sheaves
Now we construct a cone in
). We cover X by affine open sets U α (= Spec A α ) such that each A α is a quotient of polynomial ring:
This is possible, possibly after adding O ⊕k X to both H 1 and H 2 . We then construct a cone
2 ) × X U α , possibly after shrinking U α if necessary, following the rule specified before Proposition 2.2. Namely, we first complete the commutative diagram
is a presentation of A α , such that after localizing at some ideal p ⊂ A α , both (ϕ 1 ) p and (ϕ 2 ) p are isomorphisms of sheaves of (A α ) p -modules. We then define
where U α ⊂ Spec T 1 × Spec T 2 is the intersection of Spec T 1 × {0} with the graph Γ fα , and f α : Spec T 1 → Spec T 2 is the morphism induced by T 2 → T 1 . For U β , we get a similar cone in C U β (H ∨ 2 , σ ∨ ) by using a representative of A β . It is unclear whether
. However, by Proposition 2.2, their corresponding effective cycles
Hence the collection [C Uα (H ∨ 2 , σ ∨ )] glue together to form an effective cycle supported on a subcone in C X (H ∨ 2 ). We denote this cycle by [ 
∨ )] has pure dimension n (= rank H 1 ).
We now define the virtual cycle associated to the resolution H • to be
where s :
) is the zero section, and s ! is the Gysin map. 
) is a cone submersion, and further by the proof of Proposition 2.2, we have
Next, we consider the case where there are surjective homomorphisms ϕ 1 and ϕ 2 making the above diagram commutative. Then we can construct a new complex fitting into the commutative diagrams
so that all vertical arrows are injective and having locally free cokernels. Then by the previous reasoning, we have
where s 2 is the zero section of
are two resolutions of D • , and because ϕ 1 and ψ 1 are injective with locally free cokernels, we have
Thus, to prove the lemma, it suffices to show that
Let W be the cokernel of T 1 X (O X ) → M, then both N 1 and N 2 are extensions of T 2 X (O X ) by W. Let ξ 1 and ξ 2 be extension classes, respectively. Then
2 × X, such that its restriction to fibers of P 1 × X → P 1 over 0 and ∞ are N 1 and N 2 respectively. Let S ⊂ P 1 be an affine open subset containing 0 and ∞ such that N |π −1 P 1 (S) is locally free. Then restricting to π −1 P 1 (S), the cohomologies of the complex
where η is induced by π * X W → N , defines a functor of tangent-obstruction complexes of S × X, thus an effective cycle [C S×X 
where 
and for any O X0 -modules M , the induced exact sequence
where i ! is the refined Gysin map associated to the fiber product
Proof.. We only consider the case where dim T = 1 and is affine. The high dimensional case is similar. Let w ∈ X T be any point over t 0 ∈ T (i.e. w ∈ X 0 ). Without loss of generality, we can assume that there is a neighborhood U (= Spec A) of w ∈ X T of which the following holds: there is a presentation
of A and a uniformizing parameter t of T at t 0 such that the homomorphism Γ(T ) → A induced by X T → T sends t to z n+1 . Hence a neighborhood
. . , z n , 0). As in section 2, we obtain locally free resolutions of Ω A0 and Ω A that fit into the following commutative diagram:
with exact columns and rows.
Let 
whose induced long exact sequence of cohomologies
(N is a sheaves of O X0 -modules), is the dual of the exact sequence
Hence over U , possibly shrinking U if necessary, we have isomorphisms of exact se-
so that the restriction of the first diagram to U 0 , namely 
compatible to the diagram ( * ) via the isomorphism of corresponding terms given. Now if we view U 0 as a subscheme of Spec T 1 ⊗T 2 that is the intersection of Spec T 1 × {0} with the graph Γ f0 associated to f 0 : T 2 → T 1 , we obtain the normal cone to Spec T 1 × {0}) ∩ Γ f0 in Γ f0 , and using the isomorphism
we obtain a cone
that is the normal cone to U in Γ f , where f :
, respectively, obtained by gluing these local cone cycles.
2 ) be zero sections, and let
be the fiber product. Then the theorem says that
This identity follows directly from the basic lemma and its proof in [Vi] . Let π : X 0 → t 0 and let N t0/T be the normal bundle to t 0 in T . We let [D 1 ] be an effective cycle in A * C X0 (H ∨ 0,2 ) × X0 π * N t0/T , obtained by gluing effective cycles of normal cones to
Similarly, we let [D 2 ] be the effective cone (cycle) in
Hence the theorem follows from [
, which follows from the basic lemma and its proof in [Vi, §4] . This completes the proof of the theorem.
We complete this section with two examples, both about moduli spaces. The first is the moduli of degree d stable maps of rational curves to a smooth hypersurface of Y ⊂ P 4 (A detailed discussion of stable maps of curves to smooth variety will be discussed in next section). By viewing maps d , defined by the vanishing locus of a section f of a vector bundle V . As discussed in Section 1, this yields a complex
• gives rise to a functor of tangent-obstruction complexes of M
Y d
(We will discuss the issue of quotient singularities of M
• is the top Chern class of V , as expected ([Ko2] , also see [ES] , [Kz] ).
The next example is about the moduli of stable sheaves E on a smooth algebraic surface S of fixed Poincare polynomial χ. Here we implicitly fix an ample divisor on S. We denote this moduli space by M χ . We first discuss the case where M χ has a universal family F on S × M χ . Then according to [At] , the functor of tangentobstruction complexes of this moduli space is
By taking a sufficiently ample invertible sheaf L on X, say a high tensor power of the polarization, we obtain a locally free resolution
, thus obtaining a complex of locally free sheaves
Thus by applying the theory developed earlier, we obtain a cycle The now famous Donaldson polynomial invariants can be defined as the product of this virtual moduli cycle with the first Chern classes of respective line bundles on M χ .
When M χ admits no universal families, we can still find a vector bundle V on M χ and a subcone (cycle) [C] ∈ A * V , and define the virtual moduli cycle to be
where s : M χ → V is the zero section. One way of doing it is by working with the Grothendieck's Quot-scheme Q χ and realize M χ as a GIT (geometric) quotient of Q χ by a reductive group G. Using the universal quotient family F , one obtains a complex D
It is easy to show that they descend to the functor of tangent-obstruction complexes D vir by using the standard trick.
Moduli of stable maps and its virtual cycle
Let X be a smooth projective variety, n, g integers, and α ∈ A 1 X/ ∼ alg . The GWinvariants is an intersection theory on the moduli space of stable maps from n-pointed genus g curves to X whose image cycle is in α. We denote this moduli space by M X α,g,n . When M X α,g,n has the expected dimension, then the GW-invariants can be defined as usual. However, this rarely happens. Thus we need to use virtual moduli cycles to provide a pure-algebraic construction of these invariants.
To this end, the notion of stable maps (cf. [KM] ) is in order. Recall that an npointed nodal curve is a nodal curve C and n ordered marked points D ⊂ C away from the singular locus of C. A morphism f : D ⊂ C → X is said to be stable if D ⊂ C is an n-pointed connected nodal curve and f : C → X is a morphism such that for any irreducible component C 0 ⊂ C such that f (C 0 ) = point, then necessarily
We will call f stable if the mark points D ⊂ C is understood. Note that this condition is equivalent to
being surjective, where
Now we fix a class α ∈ A 1 X/ ∼ alg , and integers n and g. We let F X α,g,n be a (contravariant) functor from the category of schemes to the category of sets that send any scheme S to the set of flat families of n-pointed (connected) nodal curves
over S coupled with a morphism f S : X S −→ X such that f S is stable with respect to D S ⊂ X S , and that f S sends fundamental classes of closed fibers of X S → S to α. Since X is a smooth projective variety, by work of [Al] , F X α,g,n is coarsely represented by a projective scheme, which we denote by M X α,g,n .
In the following, we will determine the natural choice of tangent-obstruction complex of F X α,g,n . Let B be any k-algebra and
Let M be a B-module. Suppose that X M B is a flat family of nodal curves over B M = B * M restricting to X B , namely, we have the fiber product
then we have the commutative diagram of the exact sequences 
Indeed, given f M B restricting to f B , we certainly have the above diagram, since
Conversely, given any diagram
we first obtain a flat extension X M B of X B and isomorphism
based on the bottom exact sequence. Since the composite
is the same as the composite
which is equal to that of
is a pull-back diagram. One checks directly that f *
is a homomorphism of sheaves of B-algebras. Therefore, it defines a morphism f
In conclusion, we have proved 
This set is naturally the first extension module
] is a complex indexed at −1 and 0.
Proof. In [Ra] , Z. Ran has identified the deformation and obstrcuction space of this moduli problem to the above diagrams and has expressed them in terms of extension modules over non-commutative rings. He actually treated more general cases. Based on [Ra] and the above reasoning, the theorem reduces to proving that the extension modules mentioned characterize the data above. This can be carried out by using hypercohomology and constructing a double complex based on a covering of X B and a locally free resolution of Ω XB , as was done in [GH] . The argument is tedious but routine. We will omit it here.
Now we give the tangent of the functor F X α,g,n .
Proposition 4.2. Let B be any k-algebra and ξ ∈ F X α,g,n (B) be represented by the family
Then for any B-module M ,
Proof. We will sketch the proof and leave the details to the readers. First, given any family f
Hence, an element in the module
Conversely, given any element in this module we can associate to it a diagram 
out of the data provided. This proves that
Now it is clear what should be our choice of tangent-obstruction complex of the functor F X α,g,n . Let B be any k-algebra and let ξ ∈ F X α,g,n (B) be any element given by the family f
Then we define the tangent-obstruction complex of F X α,g,n at ξ be
Since f B is a family of stable morphisms, D • (ξ) only contains two terms indexed at 1 and 2. We now construct a global locally free resolution of D
• . We fix a sufficiently ample line bundle L on X and then form the exact sequence
We then form complexes
indexed −1 and 0, where 
A straightforward calculation shows that Ext
It is straightforward to check that this is a global resolution of D
• in the sense of Definition 1.4. Note that if Z ⊂ M X α,g,n is an open subset such that there is a tautological family f Z : D Z ⊂ X Z → X over Z, then the obstruction sheaf is the relative extension sheaf
In the rest of this section, we will construct the virtual cycle [M X α,g,n ]
vir using the tangent-obstruction complex just constructed. In doing so we need to address one technical issue, namely, M X α,g,n does not admit universal family due to the presence of non-trivial automorphisms. An automorphism of {f :
Because f is stable, Aut(f ) is finite and reduced.
There are generally two approaches to get around this difficulty. One is to realize the moduli space as a quotient by a reductive group, and the other is to use the intersection theory of stack developed in [Vi] . The former relies on constructing G-equivariant data and then descending them to the quotient space. This works well if the quotient is a good quotient. The construction of M X α,g,n in [Al] does realize it as a quotient by a reductive group. However, it is not clear whether it is a good quotient. In this paper, we will make some modification to this approach to construct the virtual cycle we seek. This approach only uses some descent arguments and should be easily accessible to numerical calculation.
Following the work of [Al] , there is a quasi-projective scheme Q X g,n,α and a reductive group G acting on Q X g,n,α such that M X α,g,n is the categorical quotient of Q X g,n,α by G. On Q X g,n,α , there is a universal family
acted on by G. For any closed point w ∈ Q X g,n,α , the stabilizer G w ⊂ G of w is naturally the automorphism group of F w : D w ⊂ X w → X. Now by using this family we can construct the complex C
It has a natural G-linearization. The resolution constructed before admits a compatible G-linearization. We call such resolution G-resolutions of D 
, parameterized by open S ⊂ P 1 containing 0 and ∞, such that
and
are G-equivariant, induce isomorphisms of cohomologies and that all vertical arrows are injective and having locally free cokernels. Following the proof of Lemma 3.1, the first step toward this goal is to construct a G-linearized locally free sheaf K ∨ 1 so that
is G-equivariant and commutative, and ϕ 1 (0) ∨ and ϕ 1 (∞) ∨ are surjective. Here P is coker(σ ∨ ), which is naturally isomorphic to coker(τ
, we first let K 0 be the pull-back of (a, b) as shown in the square
Then K 0 is G-linearized and the above diagram is G-equivariant. It remains to find a G-linearized locally free sheaf K 1 so that K 0 is a G-quotient sheaf of K ∨ 1 . We now construct K ∨ 1 . Let L be an ample G-linearized line bundle on Q X g,n,α . Such an L exists following [Al] . Let w ∈ Q X g,n,α be any closed point and O w the G-orbit, which is closed. Using locally free sheaves G ∨ 1 and H ∨ 1 , we can find a G-equivariant surjective homomorphism.
α is quasi-projective and L ample, for some large m, the section
induced by η w , which is still surjective and G-equivalent, lifts to a global homomorphism
Then applying the Raynolds operator, we can assume that η is already G-equivariant and restricts to η w . Since Q X g,n,α is quasi-projective, a finite sum of sheaves of this type gives us the desired G-equivariant surjective homomorphism K ∨ 1 → P. Since the remaining construction in the proof of Lemma 3.1 is canonical, we can mimic the argument there to construct the desired family.
We now construct the cone on M X α,g,n . We fix a G-equivalent resolution
α,g,n be any closed point and w ∈ π −1 (x), where π : Q X g,n,α → M g,n,α is the quotient projection. Let G w be the stabilizer of w. By combining an argument in [Ko2] and the construction of [Al] , we can find a G w -invariant slice S ⊂ Q X g,n,α such that w ∈ S and S/G w is an etále neighborhood of z ∈ M X α,g,n . Hence, the restriction of D • Q to S is a tangent-obstruction complex of S and the restriction of H
• to S is a resolution of D
• Q|S . By applying the construction in the previous two sections, we obtain a cone
Further, if T is a G w -invariant slice passing through w ′ ∈ O w such that T /G w is an etále neighborhood of z, then we obtain cone C T (H vir ∈ A * M X α,g,n ⊗ Z Q .
GW-invariants
We now give the definition of GW-invariants for any smooth projective variety X. We fix α ∈ A 1 X/ ∼ alg and integers g and n as before and let [M X α,g,n ] vir ∈ A * M X α,g,n ⊗ Z Q , be the virtual moduli cycle. By using Riemann-Roch theorem, it is a purely (3 − dim X)(g − 1) + n − α · c 1 (X) dimensional cycle. On the other hand, the k-th point in D ⊂ C naturally induces an evaluation morphism e k : M In the following, we will show that ψ X α,g,n is invariant under deformations of X.
Theorem 5.1. Suppose that X T is a smooth family of complex projective varieties over a connected base T with π : X T → T . Then the GW invariantsψ Xt α,g,n of X t = π −1 (t) is independent of t ∈ T .
Proof. Without loss of generality, we can assume T is a smooth affine curve. We first form the relative moduli functor. Let Sch T be the category of T -schemes and let F XT α,g,n : Sch T −→ (set) be the (contravariant) functor that sends any S ∈ Sch T to the set of families of stable morphisms over T f S : D S ⊂ X S −→ X T from n-pointed genus g curves into X T such that f S sends the fundamental classes of closed fibers of X S → S to α. F To prove the theorem, we need to construct a global locally free resolution of D and α 1 is the natural epimorphism. As to f
